Recently, a quantum anomalous Hall insulator (QAHI)/superconductor heterostructure has been realized and shows half-quantized conductance plateaus in two-terminal conductance measurements [Q. L. He et al., Science 357, 294 (2017)]. The half-quantized conductance plateaus are considered as a solid evidence of chiral Majorana edge modes. However, there is a strong debate over the origin of the half-quantized conductance plateaus. In this work, we propose a Josephson junction based on the QAHI/superconductor heterostructure to identify the existence of chiral Majorana edge modes. We find that the critical Josephson current dramatically increases to a peak value when a half-quantized conductance plateau σ12 = e 2 /2h is showing up for the N = 1 chiral topological superconductor phase with a single chiral Majorana mode. Furthermore, we show that the critical Josephson current of the N = 1 chiral topological superconductor exhibits an h/e-period oscillation and is robust to disorder, in contrast to the behaviors of conventional two-dimensional electron gas systems. We also estimate experimentally relevant parameters and believe that the supercurrent can be observed in experiments.
Quantum anomalous Hall effect was proposed as quantum Hall effect without Landau levels by F. D. Haldane in 1988 [24] . Recently, the quantum anomalous Hall effect was observed [25] in Cr-doped (Bi,Sb) 2 Te 3 thin films experimentally as theoretically predicted previously [26] . When a quantum anomalous Hall insulator (QAHI) with Chern number C = 1 in proximity to an s-wave superconductor, the system is topologically equivalent to a chiral topological superconductor (CTSC) with Chern number N = 2, assuming that the induced superconducting paring is infinitesimal. For a finite superconducting gap, by tuning chemical potential or external magnetic field, a new N = 1 CTSC phase with a single chiral Majorana edge mode (CMEM) emerges when one of the two CMEMs in the N = 2 CTSC is annihilated [27] . Later, theoretical studies showed that the N = 1 CTSC can give rise to a half-quantized longitudinal conductance plateau [28, 29] .
Remarkably, half-quantized conductance plateaus (HQCPs), i.e. σ 12 = e 2 /2h, were observed by the twoterminal conductance measurements in a very recent experiment [30] . The experimental setup consists of a superconductor island (Nb) on the top of QAHI (Crdoped (Bi,Sb) 2 Te 3 thin film) as shown in Fig. 1 (e) [30] . These HQCPs are regarded as a hallmark of the existence CTSCs with a single CMEM. However, there is a strong debate over the origin of the HQCPs [31] [32] [33] [34] [35] , because they can also possibly be attributed to trivial reasons. For example, if Nb in the middle part is in a metallic phase instead of a superconducting phase, the system becomes a QAHI-metal-QAHI junction. Because each of the two QAHIs contributes a quantized conductance of e 2 /h, the conductance of the QAHI-metal-QAHI junction has a half-quantized value e 2 /2h. As a result, other evidences to verify the existence of CTSC with a single CMEM is desirable.
In this work, we propose to measure the Josephson current in a superconductor-QAHI-superconductor junction to identify the existence of CMEMs. The Josephson junction consists of a QAHI coupled to two s-wave superconductors on the top of two ends [see Figs. 1(a)-(c)]. When the QAHI/superconductor heterostructure is in the N = 2 phase in Fig. 1(a) , two CMEMs are not well spatially separated and the Josephson junction is equivalently connected by a chiral fermionic mode. The Josephson current is negligible, since there are no Andreev bound states between two superconductors. On the contrary, if the QAHI/superconductor heterostructure is in the N = 1 CTSC phase in Fig. 1(b) , the chiral fermionic mode in QAHI is spatially separated into two CMEMs at the interfaces of QAHI and CTSC [see solid black and red arrows in Fig. 1(b) ]. In this case, the Josephson current I c ∼ e/hE T is carried by the CMEM [black line in Fig. 1 In the following, we first introduce the model Hamiltonian for the QAHI/superconductor heterostructure, and then calculate the Josephson current as well as the two-terminal conductance by using the recursive Green's function method. Importantly, we find two critical Josephson current peaks when the two HQCPs show up at N = ±1 CTSC phases, respectively. This provides important transport features to identify the existence of a single CMEM. At last, we show that the critical Josephson current exhibits an h/e-period oscillation and is robust to disorder, in contrast to the behaviors of conventional two-dimensional electron gas systems. We also estimate experimentally relevant parameters and believe that the Josephson current can be observed experimentally.
Model Hamiltonians-The effective Hamiltonian of Cr-doped (Bi,Sb) 2 Te 3 thin film can be written as [26, 36] (1) in the basis of a four-component electron operator Ψ k = [ψ kt↑ , ψ kt↓ , ψ kb↑ , ψ kb↓ ] with the momentum k. Here t (b) denotes the top (bottom) layer of topological insulator surfaces and ↑ (↓) is the spin index. The Pauli matrices σ x,y,z and τ x,z are defined in spin and layer spaces, respectively. The onsite disorder is
and the disorder strength W . M z = M z + M 0 represents the spin splitting in the z direction [36] , where M 0 is the spin splitting without magnetic field B and M z = µ M B with a proportionality constant µ M . m(k) = m 0 − m 1 k 2 describes the effective coupling between the top layer and the bottom layer. In the clean limit, the system is a QAHI with Chern number 4 . In proximity to an s-wave superconductor, the Bogoliubov-de Gennes (BdG) Hamiltonian of the QAHI/superconductor heterostructure is given by
Here ∆ t = 0.12 and ∆ b = 0 are the induced pairing potentials on the top and bottom layers, respectively. Φ s is the phase factor of ∆ and the chemical potential µ = 0 .
Emergent Josephson current in chiral TSC-In proximity to an s-wave superconductor, a C = 1 QAH state can regarded as an N = 2 CTSC state and it can show two new phases (N = ±1) with a single CMEM by tuning the magnetization M z , as shown by the green color region in Fig. 2(a) . When the condition (− ∆ 2 t + 4m 2 0 − ∆ t )/2 < M z < (− ∆ 2 t + 4m 2 0 + ∆ t )/2 is satisfied [27] [28] [29] , the system enters the N = 1 CTSC phase. Since a C = 1 QAHI is topologically equivalent to an N = 2 CTSC phase, there must be a CMEM at the boundary between the QAHI and the N = 1 CTSC as depicted in Fig. 1(b) . As a result, when a chiral fermionic mode in the QAH is injecting into the N = 1 CTSC, it splits into two branches of CMEMs. One branch of the CMEMs tunneling into the N = 1 CTSC, the other branch of the CMEMs is trapped as Andreev bound states between the two superconductors [see black line in Fig. 1(b) ]. These Andreev bound states will give rise to Josephson current when two superconductors phases are different. Similarly, in Fig. 1(e) , a chiral fermionic mode splits into two CMEMs at the boundary between the QAHI and the N = 1 CTSC. One CMEM tunnels through the N = 1 CTSC phase while the other is reflected, giving rise to a HQCP [28, 29] .
Next, we numerically evaluated the Josephson current and the two-terminal conductance by the recursive Green's function method [37] [38] [39] . The main results are shown in Fig. 2(a) . We can see that the critical Josephson current I c has a peak value for each of two HQCPs σ 12 = e 2 /2h. This is the central conclusion of this work. The Josephson current is concentrated on the two edges of the sample when the system is in the N = 1 CTSC phase with M z = 0.07 [see Fig. 2(b) ]. For the N = 2 and N = 0 CTSCs, because there are no Andreev bound states between two superconductors, the critical Josephson current is almost zero. On the other hand, two N = 1 superconductors will trap Andreev bound states in the QAH region, resulting in critical Josephson current I c peak we discussed above. Furthermore, we find that the critical Josephson current I c peaks are strongly oscillated, due to periodic change of the magnetic flux in the QAH region. Now let's come to investigate the oscillation of the Josephson current in the N = 1 CTSC phase. In Fig.  3 , the critical Josephson current I c oscillates with a period of h/e as a function of the magnetic flux Φ for different magnetizations M z [40] . This is consistent with previous results of the three-dimensional topological insulator based Josephson junction [41] . Since the chiral edge mode has a π Berry phase, the I c has a peak value at Φ = h/2e instead of Φ = 0. Therefore, the h/eperiod oscillation of Josephson current is the key feature of the one-dimensional chiral edge mode [41] [42] [43] [44] , which was also discovered in the quantum Hall insulator based Josephson junction [42] [43] [44] , and is very distinct from the behaviors of conventional two-dimensional electron gas systems. Moreover, upon decreasing the temperature from T = ∆/200 to T = ∆/2000, we find that the magnitude of current oscillation becomes more pronounced and hardly varies with temperature after T = ∆/1000 = 1.2 × 10 −4 , because the Thouless energy E T ≈ 10 −3
T . Since the QAHI is achieved by doping topological insulator thin films with magnetic impurities, we study disorder effects on the critical Josephson current in the following. We plot the disorder-averaged critical Josephson currentĪ c in Fig. 4 . In Fig. 4.(a) ,Ī c remains stable when Fig. 2(a) . We average over 100 disorder configurations in (a) and one configuration in (b). W = 0.1 due to the fact that the chiral edge mode is robust to moderate disorder. We can see that the current fluctuation δI c becomes comparable to the amplitude of h/e periodic oscillation for W = 0.5 [see Fig. 4(a) ]. This means that the h/e-period oscillation starts to be destroyed, because the chiral propagating edge mode in QAH region can be scattered to the opposite side assisted by the disorder induced bulk states. However, the critical Josephson current I c peak is very sustainable and clear in Fig. 4 (b) even at W = 0.5, as long as the Andreev bound states remain between two superconductors. Therefore, we conclude that the critical Josephson current I c peak is more stable than h/e-period oscillation, and they are both robust to the moderate disorder because the chiral edge states are topologically protected. The critical Josephson current can be estimated by
with the Thouless energy E T , interface transparency Γ, the Fermi velocity v F and the circumference L of the CMEM trapped between two superconductors [45] . When L = 1 − 2µm, the critical Josephson current is I c = 50 − 100nA with v F = 5 × 10 5 m/s [46] and Γ = 0.5. Therefore, we believe that the critical Josephson current I c peak can be observed in experiments.
Discussion and Conclusion-In the above analysis, we show that the critical Josephson current I c has a robust peak value for each of the two HQCPs σ 12 = e 2 /2h due to the existence of the single CMEM in the N = ±1 CTSCs. If the N = 1 CTSC in Fig. 1(e) is so strongly disordered that it becomes a gapless Majorana metal, and the gapless Majorana metal can still lead to a HQCP [33] . However, in this circumstance, the Josephson junction in Fig.  1(b) can not sustain a Josephson current peak. That's because the Andreev bound states cannot be trapped between two gapless Majorana metals and thus the Josephson current is extremely small and strongly fluctuated.
In conclusion, we find that a comparative study of the Josephson current and the two-terminal conductance can provide a more reliable evidences for the existence of single CMEM in the QAHI/superconductor heterostructure.
After submitting this paper to Physical Review B in July 2018, we noticed a study of a similar experimental setup in arXiv:1810.01891 [47] .
